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1. Introduction 



Clifford algebra is one of the important algebraic structures which can be associ- 
ated to a quadratic form. These algebras are among the most fascinating algebraic 
structures. Not only they have many applications in algebra and other branches 
of Mathematics, but also they have wide applications beyond Mathematics, e.g., 
Physics, Computer Science and Engineering [6|, [18] , |14IJ , [15] . 
^> ' A detailed historical account of Clifford algebras from their genesis can be 

, found in [21]. See also [iZj and |il4i] for an interesting brief historical account of 

Clifford algebras. 



0^ 

. Many familiar algebras can be regarded as special cases of Clifford algebras. 

For example the algebra of Complex numbers is isomorphic to the Clifford algebra 
of any one-dimensional negative definite quadratic form over IR. The algebra of 
' Hamilton quaternions is isomorphic to the Clifford algebras of a two-dimensional 

negative definite quadratic form over IR. More generally, as shown by D. Lewis in 
[131 Proposition 1], a multiquaternion algebra, i.e., an algebra like Qi ® ••• ® Q„ 
where Q,- is a quaternion algebra over a field K, can be regarded as the Clifford 
algebra of a suitable nondegenerate quadratic form q over the base field K. In 
^ , jl3IJ . such a form q is also explicitly constructed. The Grassmann algebra (or the 

exterior algebra) may also be regarded as the Clifford algebra of the null (totally 
isotropic) quadratic form. 

The word 'involution' appears in different contexts in Mathematics. In group 
theory, an involution is an element of a group whose order is two. In analysis, 
an involution of a (normed) Banach algebra A is a map * from A into itself such 
that for every x, y e A: x** = x, (xy)* = y*x* and \\x*x\\ = \\x\\^. More generally 
in the theory of algebras, an involution of an algebra A is a self inverse map cp 
from A to itself such that for every x, y e A, we have (p{x + y) = (p{x) + (p{y) and 
(p(xy) = cp{y)(p(x), i.e., cp is an anti-automorphism of order 2. Many algebras are 
naturally equipped with an involution, for example the full matrix algebra ThA„{K), 
consisting of all nx n matrices over a field K is equipped with the transposition 
involution, i.e., the involution which maps a matrix A e ]M„{K) to its transpose, 
A*. If q is a quadratic form defined on a vector space V, then the endomorphism 
algebra End(V) is equipped with the adjoint involution : End(y) End{V) 
characterized by the property b{x,fy) = b{aq{f)x,y) for every x, y eV and for every 
/ e End(y), here b is the bilinear form associated to q. This involution, which 
determines q up to similarity, reflects many properties of the quadratic form q. 
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For example we have the following assertions: (I) q is isotropic if and only if there 
exists * a e End(V) such that crij(fl)fl = 0. (2) q is hyperbolic if and only if there 
exists an idempotent e e End(V) such that crq(e) = I - e, see HI or [9j Ch. II]. 

Clifford algebras have also many natural involutions. In fact every orthogonal 
symmetry s (i.e., a self-inverse isometry) of a quadratic space {V, q) can be extended 
to an involution of both the Clifford algebra and the even Clifford algebra of 
q. In particular the Clifford algebra of q has two natural involutions which are 
induced by the maps id : V ^ V and -id : V ^ V. The involutions /"^ and Z""* 
also reflect certain properties of q; for instance their hyperbolicity is equivalent to 
the existence of particular subforms of q. (see [16]). 

Finite dimensional simple algebras with involution form an important class of 
algebras with involution whose properties are relatively well understood. By a 
theorem due to Albert, a central simple i<C-algebra A carries an involution fixing K 
if and only if the order of the class of A in its Brauer group of K is at most two (see 
][20, Ch. 8, 8.4]). As a consequence of a theorem due to Merkurjev, every central 
simple algebra whose class in the Brauer group of K is at most two is equivalent 
to a tensor product of quaternion algebras. An important class of algebras with 
involution is tensor products of quaternion algebras with involution which are 
extensively studied in the literature. There are some close analogies between the 
properties of tensor products of quaternion algebras with involution on one hand 
and on the other hand the properties of multiples of Pfister forms. See [2], where it 
is for example proved that if {A, a) is a tensor product of quaternion algebras with 
involution such that A is Brauer equivalent to a quaternion algebra over field K 
then for every field extension L/K, (A,a)i is either anisotropic or hyperbolic. This 
property is one of the characteristic properties of the multiples of Pfister forms. 

One can find tensor product of quaternion algebras with involution which can- 
not occur as {C(q),}-^'^) for any form q (see comment after Proposition 3 in [13]). 
We however show that for every tensor product of quaternion algebras with invo- 
lution (A, a) = (Qi,^!)®-- •iS)(Q,„i7„), there exists a quadratic space {V,q) of dimen- 
sion 2n and an orthogonal symmetry a : V V such that (A, a) is isomorphic to 
{Ciq),}"), i.e., the Clifford algebra of q equipped with the involution induced by 
a (see Theorem l6.3ll . We then provide more detailed statements; it turns out that 
when a is of the first kind, the orthogonal symmetry a can be chosen to be either 
+ id or a reflection (see Proposition 16.81 and Proposition 16. 9t . For the case where 
a is of the second kind, a similar result is proved (see Proposition |6.1l1 l. Some 
results in this direction were already available in the literature, see [8, §3] and | |19[ 
Lemma 10.6]. In order to prove these results, we need to provide involutorial ver- 
sions of some of the main structure theorems of Clifford algebras (i.e., the results 
which link the Clifford algebra of an orthogonal sum of two quadratic space to the 
Clifford algebras of summands, see |[3] Ch. II] or | |1U Ch. V]). Section [5]is devoted 
to prove these results. Some results in this direction were already been obtained 
in the literature, see Proposition 2 of [12J. 

In the literature, the even Clifford algebra (i.e., the even sub-algebra of the Clif- 
ford algebra) of a quadratic space (V,q) is generally defined as a sub-algebra of the 
Clifford algebra which is generated by products of an even numbers of vectors in 
V. As we will observe in section[5j having a definition of the even Clifford algebra, 
as an individual mathematical object by means of a universal property, would be 
a handy tool at our disposal. Especially in proving isomorphisms of algebras with 
involution involving even Clifford algebras, the universal property can slightly 
shorten the proofs. This was our motivating reason to find a universal property 
of the even Clifford algebra in section [3] We also hope that this approach will be 
useful from a pedagogical point of view. 
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In sections [4] and [7] we make some general observations about involutions of 
a Clifford algebra which are induced by an orthogonal symmetry, for instance as 
an applications of results of section [5] the type of such involutions is determined. 
The type of natural involutions of the Clifford algebra C{V,q) induced by +id are 
known, see IHI and Ull pp. 116-118]. 



2. Preliminaries 

Let iC be a field of characteristic different from 2. A quadratic space {V,q) over 
iC is a pair, consisting of a finite dimensional vector space V over K and a quadratic 
form q : V ^ K, i.e., a map q : V ^ K which satisfies q{Ax) = X^q{x) for all A e J<C 
and X e V so that map bq : (x,y) i-^> j{q(x + y) - q{x) - q(y)) is a bilinear map from 
VxVtoK. 

A J<C-linear map from a quadratic space (V,q) to a _K -algebra A with the unity 
element ly^ is called a Clifford map if for every x&V: 

(1) (p{xf = q[x)-lA. 

By replacing xhy x-\- y in the relation |TJ, we obtain 

(2) (p{x)(p{y) + (p(y)(p{x) = 2bq{x,y) ■ U, 

where bq{x,y) = j{q{x + y)- q{x) - q{y)) is the bilinear form associated to the qua- 
dratic form q. In particular the vectors x and y are orthogonal with respect to the 
bilinear form b^j if and only if their images under the Clifford map cp anticommute. 

We recall that the Clifford algebra of a quadratic space (V ,q) over a field K is an 
algebra C = C{V,q) over K with the unity element \q, endowed with a Clifford 
map from {V ,q) to C such that: 

(CI) the K-algebra generated by 1^ and iq{V) is C; 

(C2) for every Clifford map (p : {V,q) A, there exists an algebra homomor- 
phism O : C ^ A such that: ^ = O o i^: 



(3) V ^A 




C 



Note that according to the properties (CI) and (C2), the map O is unique and 
iq is also injective. The quotient of the tensor algebra T(V) by the ideal generated 
by all elements of the form x®x-q{x) ■ 1 where x e V, satisfies this universal prop- 
erty. The Clifford algebra of a quadratic space (V,q) which is denoted by C(V,q) 
therefore exists and it is uniquely determined (up to _fC-algebra isomorphism) by 
the universal property (C2). Fixing the injection map i^, one may identify V with 
a subspace of C{V,q). The algebra C(V,q) is also denoted by C{q) if this leads to 
no confusion. 

Let iq be the injection map in the definition of the Clifford algebra C = C(V,q). 
The map -i^ defined by (-!,j)(x) = -iq(x) is also a Clifford map from V to C, and 
thus there exists an algebra homomorphism y : C ^ C such that the following 
diagram commutes: 
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7(lc) = lo 

y°iq = -iq, 
yiiqix)) = -iq{x). 

As y^{iij(x)) = iq{x), the map coincides with the identity automorphism of C. 

Let C"*" be the set of all elements x e C such that y{x) = x. The set C"*" which 
is also denoted by CQ{V,q) or CQ(q), is a subalgebra of C which is called the even 
subalgebra of C. This subalgebra contains every element of C{V,q) which is a prod- 
uct of an even number of vectors of V, i.e., the products like iq{xi )ici{x2)- ■ ■ iq(x2p) 
where Xj,--- ,X2p € V. 

Let C~ be the set of all elements x e C such that y{x) = -x. The set C~ is a sub- 
vector space C(V,q) which is called the odd part of the Clifford algebra C(V,q). 
This subspace contains contains every products of odd numbers of vectors of V. 

Let CP be the opposite algebra of C = C(V,q). The map i* : V ^ C"P defined 
by i*qix) = iq(x) is also a Clifford map. There exists so a K-algebra homomorphism 
J : C ^ C°P such that J o = i*. As iq{V) = iq{V), the map / is a bijection. The 
map / is the unique antiautomorphism of C fixing iq(V) pointwise. The image of a 
product iq{xi )■■■ iq{Xp) under the map / is the product of the same terms in the in- 
verse order. The map / is an important involution of C which is sometimes called 
the reversion of C(V,q) (cf. [71 p. 107]). In general, an involution of a ring _R is an 
antiautomorphism of R of order 2. If S is the subring of R and if S is a subset of 
ff -invariant elements of R then a is called an S -involution. In particular, if A is a 
i<C -algebra, then a K-involution of A is an involution of A fixing K elementwise. 



3. A UNIVERSAL PROPERTY OF THE EVEN CLIFFORD ALGEBRA 

The aim of this section is to prove that the even Clifford algebra of a quadratic 
space satisfies a certain universal property. 

Definition 3.1. Let (V,q) be a quadratic space over a field K and let A be an algebra 
over K with the unity element 1^. An even Clifford map is a bilinear map i/) from 
V xV to A such that for all x, y, zeV 

1) }p{x,y)^(y,z) = q{y) ■ \p(x,z) 

2) ^(x,x) = q(x)-lA 

Remark 3.2. The conditions (1) and (2) given in the previous definition are respec- 
tively equivalent to the following conditions: 

1') jp{x,y)xp(x,z) = 2bq{x,y) ■ ip{x,z) - q{x) ■ ip{y,z) 

2') Jp{x,y) + jp{y,x) = 2bq{x,y)-lA, 
where bq is the associated quadratic form to q. In particular if x,y are orthogonal 
with respect to the bilinear form then ip{x,y)ilj{x,z) = -q{x) ■ ip{y,z). 

Theorem 3.3. Let Cq = CQ{V,q) be the even Clifford algebra of the nondegenerate 
quadratic space (V,q) over a field K with the unity element 1q. There exists an even 
Clifford map j from V x V to Cq which satisfies the following conditions: 

a) as a K-algebra Cq is generated by 1q and {j(x,y), x, y e V]. 
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b) for every even Clifford map ip : V x V ^ A, there exists a unique algebra ho- 
momorphism ^ : Cq ^ A such that ip = o j, i.e., the following diagram 
commutes: 



(5) VxV ^A 




Co 

Proof. Let C = C(y,<|) be the Clifford algebra o{(V,q) and let : V ^ C be the 
canonical injection of CiV ,q). We claim that the map : V x V ^ Cg defined by 
i(x,y) = iq(x)iq(y) is an even Clifford map which satisfies the universal property 
described in the statement of the theorem. 

The fact that iq is a Clifford map readily implies that ; is an even Clifford map. 
Let ip : V X V ^ Ahe an arbitrary even Clifford map satisfying: 

ip{x,y)Tp{y,z) = q(y) ■ ip{x,z) 
^{x,x) = q(x)-lA 

We have to find a K-algebra homomorphism ^ : Cq ^ A such that the diagram 
lO commutes. 

As {V,q) is nondegenerate, there exists a vector v e V such that q(v) ^ 0. Take 
d := bq{v,v) = q{v) ^ and let V^^ = v^ = \x : hq[x,v) = 0). The Witt decom- 
position q ^ (d) ± qo where qo is a subform of q with dimi^g = dimq - 1 induces 
a decomposition of vector spaces V = (K ■ v) J_ Vq where Vq is a subspace of V of 
codimension I. 

Let f : Vq ^ A and g ■ Vq ^ Cq the maps defined by / (w) = and giw) = 

for every w e Vq. We have /(w)^ = ip{v,w)-^ = -q{v)q{u>)-lA = -dqQ(w)-ly\ 
and giwf = {iq{v)iq{w)f = -dqo{v)-lc = -dqQ{v) ■ Icg- Thus / : (VQ,-dqo) ^ A and 
g : (VQ,-dqQ) Cq are two Clifford maps. It follows that there exist unique homo- 
morphisms F : C{VQ,-dqQ) A and G : C(VQ,-dqQ) Cq such that the following 
diagram commutes: 

(6) Co 




For all w, w' e Vq we have g('w)g('w') = -diq{w)iq{w'). Therefore for all jv, w' e Vq, 
the image of G contains the elements iqlw^iqiw'). But Cq is generated by the ele- 
ments iq{x)iq{y), X, y eV and Iq and the element iq(x)iq(y) can be written as a lin- 
ear combination of the elements iq('w)iq{w'), iq{v)iq{w), Iq for suitable w, w' e Vq. 
These elements are in the image of G. Therefore the homomorphism G is sur- 
jective. For dimension reasons it is also injective, it is therefore an isomorphism. 
Consider the map ^ : Cq ^ A defined by 



= FoG-\ 
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We claim that the diagram ([S} commutes. Let (vi,V2) & V x V . We can write 
{vi,V2) = (Aiv + Wi,X2V + W2) where Aj, X2 & K and Wi, W2 ^ ^o- have: 

'i'(i{vi,V2)) =FoG-Hi(vuV2)) 

= FoG-Hic{vi)iq{v2)) 

= Fo G"i(i,(AiV + wi )/q(A2V + W2)) 

= F o G~'^ {AiX2q{v) + X2iq{wi)i^{v) 

+ Al iq(v)iq{W2) + iqMiqM) 

= F o (Al X2q{v) - X2iq{v)iq{wi ) 

+ Al iq{v)ici{W2) + !<,(Wl)iq(lt'2)) 

= F o (Al A2<|(v) - A2^(wi ) 

+ Al^(W2)-^"^^(Wl)^(W2)) 

= F(XiX2q(v)- X2i-dqo('^i) 

+ Al i-dqo (^2) - d-^i-dqo {1^1 )i-dqo (^2)) 

= XiX2q{v)- X24>(v,ivi) 

+ Xi^{v, TV2)- d~^lp{v,'iVi)^{v, IV2) 
= Al A2'?(v) + X2^{Wi,v) + Xilp(v,W2) + l/'(Wi,W2) 
= l/^(AiV + Wi,A2V + W2) 



Remark 3.4. As an immediate consequence, we obtain that the algebra Cq = CQ{V,q) 
is uniquely determined by the universal property described in the statement of 
the previous theorem. In fact if (Cq,;) and (Cq,;') are two pairs satisfying the uni- 
versal property proved in the previous theorem, then there exist two iC-algebra 
homomorphisms / and /' such that the following diagram commutes: 

(7) VxV ^C; 




Co 

The relations Joj = j' and /'o;' = ; imply that: J'ojoj = J'oj' = j and JoJ'oj' = Joj = 
]'. As Co is generated, as a K-algebra, by Iq and j{V x V) and Cq is generated, as 
a iC -algebra, by 1^^ and j'(V x V), we obtain /' o / = id^ and / o /' = id^^. 

4. Involutions induced by an orthogonal symmetry 

Definition 4.1. Let be a finite dimensional vector space over a field K endowed 
with a nondegenerate (symmetric or anti-symmetric) bilinear form b. An isometry 
of (V,q), i.e., an element a e End(y) such that b{ax,ay) = b{x,y) for all x, y e V 
is said to be a orthogonal symmetry if = id. In the literature, such maps are 
sometimes also called "orthogonal involutions" (cf. [4l Ch.III, §5]). We have, how- 
ever, preferred to use the former term in order to avoid any possible confusion 
with already well-established notions of orthogonal, symplectic and unitary invo- 
lutions (see [9J). A reflection r of {V,q) is an orthogonal symmetry whose invariant 
subspace V* = [x e V : r(x) = x) is a hyperplane of V. 

We recall the following result from linear algebra: 

Proposition 4.2. Let (V,b) be a nondegenerate symmetric or anti-symmetric bilinear 
space over a field K. Let a e End(y) be an element with = id. Let and V~ be 
respectively the eigenspaces of a associated to the eigenvalues +1 and -1. Then: 
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1) the space V is the direct sum of V^""" and V~. 

2) the map a is an orthogonal symmetry if and only ifV^ and V~ are orthogonal 
with respect to the form b. 

See 11 Ch. Ill, §5] or m Ch. I, §3]. 

Proposition 4.3. Let {V,q) be a quadratic space over a field K and let s e EndV. In 
order that there exists a K-involution o ofC(V,q) such that for every xe V, a(iij(x)) = 
iq{s{x)), it is necessary and sufficient that s he an orthogonal symmetry of(V,q). 

Proof. Suppose that there exists a ^-involution a of C(V,q) such that for every 
xeV, a(Zq(x)) = iq(s(x)). As q(x) = a{q{x)) = a{ic,{xf) = iq{s{x)f = q{s{x)), the map 
s is an isometry of {V,q). We also have iq(s^(x)) = a{iq(s(x))) = ff(ff(iq(x))) = 
The injectivity of iq implies that = id. Therefore 5 is an orthogonal symmetry. 

Conversely suppose that 5 is an orthogonal symmetry. Consider the map cp : 
V C{V,q) defined by (p{x) = i^(s(x)) for every x e V. As (p{x)^ = i^(s(x))^ = 
q(s(x)) = q(x), (j9 is a Clifford map. According to the universal property of the 
Clifford algebra, there exists a unique homomorphism O : C{V,q) C{V,q) such 
that 0(/g(x)) = (p(x) for every x e V. Note that the image of O contains iq{V). As 
C(V,q) is generated by iq{V), the homomorphism O is surjective, hence it is an 
isomorphism. 

Let ; be the reversion involution of C(V,q) as defined in ^ Consider the map 

: C{V,q) C(V,q) defined by ct = o O. The map a is an anti-automorphism 
because ; is an anti-automorphism and O is an isomorphism. We have = id, in 
fact let X e y, we obtain a^(i^(x)) = j o<i>o j o0(i^(x)) = ; oOo;((p(x)) = joO(cp{x)) = 

1 oO(i^(s(x))) = i((p(s(x))) = <p(s(x)) = i^{s^{x)) = iq(x). Thus we have shown that a 
is a iC-involution of C(V,q). We also have a(iq(x)) = j o<5(;q(x)) = ;(<p(x)) = iq{s{x)). 
This completes the proof. □ 

Notation 4.4. Let s be an orthogonal symmetry of a quadratic space {V,q). From 
now on, the unique involution of the Clifford algebra C(V,q) which maps iq(x) to 
/^(s(x)), for every x e y, is denoted by f^. Compare with [19^, Ch. 3, 3.15; Ch. 4, 
4.3] 

Remark 4.5. We recall that the canonical involution y of a quaternion algebra Q = 
(fl, iijx is the involution y ■ Q ^ Q, defined by y(a + hi + cj + dk) = a-bi- cj - dk 
where a, b, c, d e K and /, k are the generators of Q with = a, = -b and 
ij = -ji = k. When q is a nondegenerate quadratic form of dimension 2, C{V,q) 
is a quaternion algebra. In this case, the canonical involution of C(V,q) coincides 
with the involution /^^'^. 

Corollary 4.6. Let (V,q) be a quadratic space over a field K, let s be an orthogonal 
symmetry ofV and let : VxV ^ Co(V,q) be the even Clifford map which satisfies the 
universal property described in the statement oftheorem \3.3\ Then there exists a unique 
K-involution ofCo(V,q), again denoted by such that Jq{iq{x,y)) = jq(s(y),s(x)) for 
all X, y eV. 

Proof. The involution of Co{V,q) is exactly the restriction of the involution of 
C{V,q). One can also give a direct proof using the universal property of CQ( V,q). n 

5. Decomposition of involutions induced by an orthogonal symmetry 

We recall the following well known result: 

Lemma 5.1. Let s be an orthogonal symmetry of a quadratic space {V, q). Let jej, • • • , e,-) 
be an orthogonal basis of V"*" and let ,/s) be an orthogonal basis of V~ (cf. \4.2\) . 

Consider the element z = iq(ei)---iq{er) ■ iq(fi)---iq(fs) e C{V,q). Then: 
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n(n-l) 

1) Tve have J^(z) = (-1 )*(-!) 2~z, where n = r + s = dim V, in particular if s is a 

nlii+l) 

reflection we have J^(z) = (-1) 2 z. 

2) we have 2} = d+q. 

3) when n is even, z anti-commutes with every element iq(x), where x&V . 

4) when n is odd, z commutes with every element iq{x), where x&V . 

Proof. The set [ci,--- ,ey,fi,-- - ,fg\ is an orthogonal basis of V because according 
to l4.2l and V" are orthogonal. We have: 

/^(z) =((-\Yiq[f,)-.-iq{f^)){iq{e,).-.iq{e,)) 

= (-lY{-l)"-^i^{e,)---iq{er)iq{f,)---iq{fs) 

n(n-l) 

= (-ir(-i)— z. 

The assertions (2), (3) and (4) are simple well known calculations, see for in- 
stance fTT, Ch.V, §2 ]. □ 

Proposition 5.2. Let {Vi,qi) he a quadratic space of even dimension over afield K, 
let {V ,q) he an arbitrary quadratic space, let ai be an orthogonal symmetry of {Vi,qi) 
and let a he an orthogonal symmetry of (V,q). Let Vj he the vector space of Oi-anti- 
symmetric elements of Vj and suppose that dim V^" = s (cf. \4.2[ . Then: 

(a) 7/ dim = 1 mod 4 then we have: 

(ColVi ± V,q, ± q),fqlTci) - (C^(V„q,)®C(V,-d^qyq),fql ®t^!ql.q), 
in particular if Oi = x is a reflection then we have: 

(Co(Vi ± V,q, ± q),r®lq) ^ (Co(V„q,)®C(V,-d±qrq),rq^ ®/-d,9r?)- 

(b) If dim Vj = 3 mod 4 then we have: 

(Co(Vi ± V,q, ± q),]qlTc, ) - {Ca{V^,q,)®C{V,-d±qvq),]Z ®]-Zlq)' 
in particular if ai = r is a reflection then we have: 

(Co(Vi ± V,q, ± q),r®lq) ^ (CoiV„q,)®C{V,-d^qvq),r^, ®/-l,r?)- 

Proof. Let jq^j_q : {Vi A_ V)x (Vi ± V) ^ Co(Vi ± V,qi A_ q) he & map which 
satisfies the universal property discussed in l3.3l Let z e C{Vi,qi)he the element 
defined injSJ] Let : (Vj ± V)x{Vi A_V)-> CQ{Vi,qi)®C{V ,-d±qrq)he the map 
defined by 

riixi ®x,yi®y) = [i^^ {xi)®\+ z"^ ® i.^^q^.q{x)) x (i^^ (yi ) ® 1 - z"^ ® L^^^j.^ly)). 
It is easy to verify that is an even Clifford map. There exists so a homomorphism 

H:CQ(V^^V,q^^q)^CQ(Vi,qx)®C{V,-diqvq) 
such that the following diagram commutes: 

(8) (yjxV)x(yi±V)^^li^Co(Vi±Vwi±^) 

CQ{Vi,qi)®C{V,-d±qrq) 

We now prove that H is an isomorphism. As 

dimjf Co(Vi ^.V,qi ^_q) = d\Tat^CQ{Vi,qi)®C(V,-d±qvq), 

the homomorphism H is surjective if and only if it is injective. We show that H 
is surjective. The algebra CQ{Vi,qi)® C{V ,-d+qvq) is generated by all elements 
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1 and 1 ® Ld^qj.q(y) where x^, e and y eV. It is enough to 
show that these elements lie in the image of H. 
We have: 

r]{xi ® 0, yi ® 0) = (xi )iq^ (yi ) ® 1, 
thus the element i^^ (xj (yi ) 8 1 lie in the image of H. 

On the other hand, f|(xi ® 0,0®y) = iq{xi)z~^ iSi i-^_^qyq{y). By definition, the 
element z is of the form i^^ {ei)iq^ (ei)" • iq^ i^im+i) where {ej, e2,---, £2m+\] is a basis 
of Vi . Therefore the element 

Zq(e2mr^---^q(e2r^2q(ei)"^®'-d±qrq(}') = ^(j(e2m+l)z"^®Ld±qr?(}') 

lies in the image of H. As iq{£i)iq(£2) • ■ • iq{£n) ® 1 also lies to the image of H, we 
deduce that 1 ® ^-d+qi-qiv) li^s in the image of H. 

Suppose that dim Vg = 1 mod 4, to prove (a), it is enough to verify that the 
isomorphism 

is compatible with the involutions ]ql's_q and ]ql ® j[^^q^.q . For all Xi, yi € Vi and 
X, y e V we have: 

° ClqiiqiXqi^l ® ^.^1 ® y)) = H(iq^^q(ai (y^ ) ® ff (y), ffj (Xj ) ® ff (x))) 

= r](ai(yi)®a(y),ai{xi)®a{x))) 

= [iqr (ff (yi )) ® 1 + z"^ ® '-d±?r?(ff (y))) 

X(',l (ff (^1 )) ® 1 - 2"^ ® L^^q^.qiaix))) 

On the other hand, if A = Jqi'Sij[^^q^.q oH{iq^j_q{xi®x,yi®y)), using lsTTl we obtain 



We thus have: 



91 ^''-d±9r9 °^^(i9iX9(^l®^'}'l®}')) 

= /^'i^/^dlC-Hf^^if^l)®! 
+z"^®'-d±9r9(^)) 

X (i<,i(yi)®i-2"^®Ld±qi.<,(y))) 
= (^<,i(ffi(yi))®i 

-(-1)^2-1 ®;_d,,i.,((-irV(y))) 
x('<ji(ffi(^i))® 1 

= (^<,i (ff (yi )) ® 1 + 2-1 ® Ld^gj.q(ff(y))) 

X( V (ff (^1 )) ® 1 - 2-1 ® L^^_q^.q(a(x))). 



(Al ®J-d^c„-a )oH -Hojq 



Jii '^J-d±qvq 1^'^ -^^ "iqi^q 
It follows that H is an automorphism of algebras with involution. 

The proof of (b) is similar. □ 

Remark 5.3. The isomorphism 

(9) Co(l^i ± V,q^ ^q)^ {Co{V„q,)®C{V,-d±qyq) 

is known, (cf. [11, Ch.V, §2]). Proposition 15. 21 is so an involutorial version of |[9). 
The classical proof of lO given in [ 1 1 J is different from what we have provided and 
uses the properties of graded simple algebras and graded tensor product. 
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Corollary 5.4. Keeping the same hypotheses as in \5.2\ 

(a) 7/ dim Vi = 1 mod 4 then we have: 

(Co{V„q,)®C{V,q),J^I ^ (Co(Vi ± V,q, ± -d.qvq),]lf^:^^X"^ ), 

in particular if ai -x is a reflection then -we have: 
{Co(V„q,)®C(V,q),r^^ ^ (Co(Vi ± ^^'Jl ±-d±^r^)j;T-d,?r?)- 

(b) 7/ dim = 3 mod 4 then we have: 

{Co(V,,q,)®C{V,q),f^l ^ {Co(V, ± V,q, ± -d^qvqlQf-Zl^l 

in particular if Oi is a reflection then we have: 

{Co(V,,qi)®C(V,q),r^^ ^ (Co(Vi ± V,qi^-d.qvq),rcf;,-i,cirq)- 

Corollary 5.5. For every quadratic form q over afield K and for every d e K* , there 
exists an isomorphism of algebras with involution 

(10) {Ca{{-d)Lq),]^''^)^{C{d-q),r\ 
In particular, 

(11) {Co{{-l)^q),]^''^)^{C{q),r^). 

Corollary 5.6. Keeping the notation of \5.5\ let Vi and V be respectively the underlying 
vector spaces of {-d) and q. Consider the reflection x = -idy^ ®idy. Then we have an 
isomorphism of algebras with involution 

(12) (Co({-d)±q),r)^(C(d-q),r''). 
In particular, 

(13) (Co«-l)±g),r)-(C(g),/''^). 

Corollary 5.7. Let {V,q) be a quadratic space over a field K, let a be an orthogonal 
symmetry of V and let v & V be an anisotropic vector such that a(v) = £V where e = 
1 ou - 1. Let V = {x e V : b^{x,v) = 0} the orthogonal complement of the subspace 
generated by v and let d = q(v). Then V is stable under a and we have an isomorphism 
of algebras with involution 

(14) (Co(V,q),J-) ^ {C{V',-d.q'),r_'^,^,), 
where a' - -£ff|y and q' = q\v'- 

Proof. It is enough to note that, V is stable under a. We have the decomposition 
(V,a) = {v ■ K® V, + id®ff|y') and we can use Proposition [5T2l □ 

Corollary 5.8. Let (V,q) be a nondegenerate quadratic space over afield K and let 
a e K* . Then for every orthogonal symmetry a of (V ,q) we have an isomorphism of 
algebras with involution 

(15) (CQ{V,q),^)^{Co{V,a-q),]l^). 

Proof. Let and V~ be respectively the subspaces of the symmetric and anti- 
symmetric elements of V (cf. |4.2| |. As q is nondegenerate, it follows that either 
or V~ contain an anisotropic vector v. Thus there exists v & V such that a{v) = ev 
where £ = +1 and b = q{v) e K*. Let V be the subspace of V consisting of all 
elements, orthogonal to v and let q' = q\v>. Using Proposition [STT] we obtain 

{Co(V,a-q),]-) ^ {C{V' ,-a'b-q'),rl1^„^,), 
(Co{V,q),J^)=^(C(V',-b-q'm-^,). 
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The quadratic spaces (V',-b-q') and (V ,-ha}-q') are isometric. We thus have an 
isomorphism: C(V' ,-h-q') ^ C(V' ,-a^h-q'). This isomorphism which is induced 
by the isometry between (V ,-b-q') and [V ,-ba^-q') is compatible with /^^^2 ^rid 
^%.q" the proof is thus achieved. □ 

The analogue of Proposition 15.21 for the quadratic forms of even dimension in 
the particular case where a = id or -id is known: in [12j, David Lewis proved that 
for a quadratic space (Vo,qo) of even dimension and for any quadratic form (V,q), 
there exists an isomorphism of algebras with involution 

(16) (C(yo ± VUZU - (ClVo^^^oW^"")® (C(V,-d±^o-^)J-^jf,e.,)- 

This result can be generalized without difficulty to the case of an arbitrary orthog- 
onal symmetry: 

Proposition 5.9. ([12, Prop. 2]) Let {VQ,qQ) he a quadratic space of even dimension, 
let {V ,q) he an arbitrary quadratic space, let CTq orthogonal symmetry of (VQ,qQ) 

and let a he an orthogonal symmetry of {V , q). Suppose that dim Vq" = Then: 

(a) If Aim Vg = 2 mod 4 then we have: 

(C(Vo ± y.q^ ± HMZT,) - (C{V„q^)®C(V,Aiq,-q),Q 
in particular if aQ = x is a reflection then we have: 
(C(Vo ±V,qo± q),]lfl,) - {C{ya,qo)®C{V,d^qa-q),]l 

(b) 7/ dim Vg = mod 4 then we have: 

(C(yo ^V.q^l. qlQTq) " (C(VoWo)® C(V,d±go-'?).C ^^^P' 
in particular if aQ = x is a reflection then we have: 
(C(yo ± V,qo ± qlJlfl,) - {C{V„q^)®C{V,Aiq^-q),]l ®]Z,^.,). 

Proof. Let {ej, - • • be an orthogonal basis of Vg"*" and let {/j, • • • be an orthog- 
onal basis of Vq - Consider the element 

2=%(ei)---iqa{er)iqSfi)---iqa{fs)^C{VQ 1_ V ,qQ ^_ q). 

Let (p:VQ A_Vi ^ C(VQ,qQ)®C(V,A+qo-q) be the map defined by 

(17) (p(Xo®x) = iqQ(X!i)®l+Z-^ ®i^^q^.q(x). 

We note that ^ is a Clifford map, because: 

(p{Xa®xf = {iq,(Xo)®l+Z-'^®i^^q^.q{x)f 

= qoUo)®'^ + {d±qo)~^®(d±qo-q(x)) 

+ iqo(xo)z~^ ® id^qo-q{x) + Z-Hq^{Xo)® i^^q^.qix) 

= {qo ±q){xo®x)-{l®l). 
The map <p can therefore be extended to a homomorphism 
O : C{Vo ±V)^ C(Vo,qo)®C(V,d±qo-q)- 
The definition of cp in il7[ implies that cp is surjective. As 

dimjf C{qo ± q) = dimj^ (C(VoWo)® C(y,d±'?o ' 

O is injective hence it is an isomorphism. It is enough to show that O is compatible 
with the indicated involutions. 

If dim Vq = 2 mod 4, using lsTl we obtain 
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On the other hand, <S> o J^°fq {iq^j_q{xo ® x)) = ;<,„(ffo(^o)) ® 1 + z"^ ® 'd±?o-<j('^(^))- 
We therefore have: 

Consequently O is an isomorphism of algebras with involution. 

The proof for the case where dim Vq = mod 4 is similar. □ 



Corollary 5.10. Keeping the same hypotheses as in \5.9\ : 

(a) If dim Vq = 2 mod 4 then we have: 

{C{Vo,qo)®C{V,q),Q ®r^) ^ (C(yo ± V,qa ± d±%-HlQl^Z' 
in particular if ctq = T is a reflection then we have: 

(b) If dim Vq = mod 4 then we have: 



{C(V,,qQ)®C(V,q),Q ®/-) - (C(Vo ^V,q,l. A^qo-qlQf^X"^), 

in particular if ctq = ^ is a reflection then we have: 

(C{V^,q,)®C(V,q),Jl ®/-) - (C(yo ± V^WO ± di^o-^^W^td'-io-^f)- 

Remark 5.11. Anne Cortella has pointed out to me that using the notion of de- 
terminant can lead to a simplification of the statements of 15.21 and 15.91 For an 
orthogonal symmetry 5 of a quadratic space {V,(p) of dimension n, we define 
d+s = (-l)"*"~^*^^det(s), then one can express the isomorphisms [5721 and 1 5 . 9 1 in the 
following way: 

(Co(Vi ± V,q,^q),r^lTci) - {C,{V„q,)®C{V,-d^qrq),f,l ^jZtZ-^), 

{C{Vo ± V,qo ± q),QT,) - {C(Vo,qo)®C{V,d^qo-q),Q 

because for every orthogonal symmetry 5 of a quadratic space (V,q}) we have: 
det(s) = {-!)"' where m is the dimension of the subspace of the anti-symmetric 
elements of V with respect to 5. 

6. Tensor products of quaternion algebras with involution 

Proposition 6.1. Let (QJ) be a quaternion algebra with involution over afield K. Sup- 
pose that f is of the first kind. Then there exists a nondegenerate quadratic space (V ,q) 
of dimension 2 and an orthogonal symmetry a -.V such that (Q,J) - (C(V ,q),J°). 
More precisely 

(a) if J is symplectic, one can choose a quadratic space {V,q) of dimension 2 such 
that(Q,])^(C(V,q),]-'^). 

(b) if f is orthogonal, one can choose a quadratic space {V,q) of dimension 2 such 
that(Q,J)c.{C(V,q),j\'^). 

(c) iff is orthogonal, one can also choose a quadratic space {V,q) of dimension 2 
and a reflection a of (V,q) such that (Q,cr) - {C(V,q),J^). 
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Proof. Suppose that Q = is generated by the elements i and ; with 

K\ i^ = be K* and ij = -ji. 

First consider the case where / is symplectic. We have /(i) = -i and /(;') = 
Consider the vector space V = Ki® Kj and the nondegenerate quadratic form q : 

V ^ K defined by qiX^i + Azj) = Xja + Xjb for all Ai, e K. We have (Q,J) - 

Now suppose that / is orthogonal. Let u be an anti-symmetric invertible ele- 
ment of Q with respect to /. The involution /' = Int(M) o / is of symplectic type. 
According to [20, Ch. 8, 10.1], we have: 

(18) xm"V(^)m e K for every X e Q 

By putting x = u in Ill8t we obtain e K. Consider the quadratic extension 
K(u)/K. The restriction J\k(u) is the nontrivial automorphism of K(u)/K. Accord- 
ing to Skolem-Noether's Theorem, there exists an invertible element v e Q such 
that uv = -vu. As commutes with both u and v, it is in the center, i.e., e K. 

By putting x = v in l|18l l we obtain vj(v) e K. Thus there exists a e K such 
that f{v) = av. We have v = J^{v) = a^v. Thus a = 1 or a = -1. The case a = 
-1 is excluded, because / is orthogonal (the dimension of the subspace of anti- 
symmetric elements of Q is 1). Thus we have J(v) = v. The elements u and v 
satisfy: = a' e K, = b' e K, J{u) = -u, f{v) = v and uv + vu = 0. Consider the 
vector space V = Ku (BKv and q : V K defined by q(XiU + X^v) = X^a' + X\b' for 
every Aj, A2 e K and the orthogonal symmetry a -.V defined by o{u) = -u and 
a{v) = V. Consider the _K-linear map f ■ V ^ Q, defined by f{u) = -u, f{v) = v. 
The map / is a Clifford map and can be extended to an isomorphism between 
C{V,q) and Q. The construction of / implies that it is compatible with J° and 
/. It is therefore an isomorphism of algebras with involution. In this case cr is a 
reflection of (V,q) because the dimension of the vector space of anti-symmetric 
elements of V with respect to cr is 1. 

Let w = uv, we have = -a'b' and f{w) = w. Consider the vector space V = 
Kiv®Kv, the quadratic form q : V K defined by q(XiW + Xiv) = -X\a'b' + X\h' 
for all Ai,A2 e K and the orthogonal symmetry a : V ^ V defined by a{'w) = w 
and a{v) = v. Consider the K-linear map f : V ^ Q defined by / = id|y. As / 
is a Clifford map, it can be extended to an isomorphism between C{V,q) and Q. 
The construction of / shows that / is compatible with ]° and /. It is therefore an 
isomorphism of algebras with involution. In this case, a is the identity map. □ 

As a direct consequence of the proof of Proposition [6T1 we obtain 

Corollary 6.2. Let a and b be two invertible elements of a field K. Then vje have an 
isomorphism 

(C{{a,h)),n)^[C({-ab,b)),r% 

or equivalently 

(C({a,b)),r^)^{C{{-ab,b)m), 
here /""•" is the involution of C{{a,b)) induced by the reflection t = -idj^.^^-Sid^.y, where 

V = K- x±K-yis the underlying vector space of q = (a, b) with q{x) = a, q{y) = b and 
/"'""'" is the involution of q' = {-ab,b) induced by the identity map on the underlying 
vector space of q'. 

Theorem 6.3. Let (QiJi), ■■■ , (QnJn) quaternion algebras over afield K with invo- 
lutions of the first kind. Then there exists a quadratic space (V ,q) over K of dimension 
In and an orthogonal symmetry a :V such that 

(C(V,q),J^)^(Q„h)®---®(Q„,U. 
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Proof. We prove the result by induction on m. If n = 1, we use directly Proposition 
ED 

Assume that n > I. By induction hypothesis, there exists a quadratic space 
(W,q) of dimension 2(n - 1) over K and an orthogonal symmetry a : W ^ W such 
that 

{C{W,q),J^)^{Q2,j2)®---®{Qn-l,Jn-l)- 

According to Proposition 16. II there also exists a quadratic space (Wo,qo) of di- 
mension 2 over K and an orthogonal symmetry ag ■ ~^ such that 

{C(Wo,qo),C)^{Ql,h). 

Let s be the dimension of the anti-symmetric elements of (Wo,qo)- have 
obviously s = 2 if /j is symplectic. Using [5T9l we obtain 

(QiJi)®---®(Q„J„) - (C(Wo,go).C)®(C(W,^)J,^) 
- (C(Wo± W,H4'), 

where h = qQ ± {d±qo)~^ ' and T = ffo ® (-l)"'*"^^'"'- ^ 

According to a result due to Albert (cf. [9j 16.1]), every central simple alge- 
bra with involution A of degree 4 can be decomposed as a tensor product of two 
quaternion algebras. In [lOj, it has been shown that a central simple algebra A 
of degree 4 with an orthogonal involution a can be decomposed as a tensor prod- 
uct of two quaternion algebras with symplectic involution if and only if it can be 
decomposed as a tensor product of two quaternion algebras with orthogonal invo- 
lution if and only if the discriminant of o is trivial. See also ^9, 15.12]. Here we 
complement these results by showing that: 

Lemma 6.4. ( [10] ) Let {A, a) be a central simple algebra of degree 4 over a field K. 
The following assertions are equivalent: 

(i) {A, a) is isomorphic to the tensor product of two quaternion algebras with 
orthogonal involutions. 

(ii) {A, a) is isomorphic to the tensor product of two quaternion algebras with 
symplectic involutions. 

(iii) there exists a quadratic space (V,q) of dimension 4 over K and a reflection 
T of {V,q) such that {A,a) - (C(V,q),J^). 

Proof. For the sake of completeness, we also prove the equivalence of (i) and (ii) 
using [5?9] 

(i)^(ii). Let (A,t) = (Qi,Ti)(S) (Q2,T2) where (Qi,Ti) and (Q2,t2) are quaternion 
algebras and Tj and T2 are orthogonal. According to 16.11 there exist quadratic 
spaces {Vi,qi) and (^2,(^2) of dimension 2 such that: 

(Qi,Ti)-(C(Vi,gi),/^f), 

(Q2,T2)-(C(y2W2)J^^)- 

We thus obtain 

(Qi,Ti)®(Q2,T2) - (c(Vi,^?i),/;^)®(C(y2W2),4^) 
usingEloj - {C{v, ± V2,q, ± (d._qi)- qiUfXt.^yJ 

usingEl - (C(Vi,d±<?2-'?i)Jd:t?i)®<C<^2'd±'?i-'?2)'/d:^r?2) 

The involutions J^lq^.q^ and J^lq^.q^ are both symplectic, the proof is therefore 
achieved. 

The proof of (ii)^(i) is similar. 

(i)^(iii). According to l6.1l there exist quadratic spaces {Vi,qi) and (V2,q2) and 
a reflection p of (V2,q2) such that 

(Qi,Ti)-(C(Vi,gi),/^f), 
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(Q2.T2)-(C(V2W2),4)- 



We therefore obtain 

(Ql,Ti)®(Q2,T2) - {C{Vuqi),jl'l)®(C(V2,q2),0 
usingEIO] - (C{V,±V2,q,±{d._qi)-q2)j''JZ.,.y^^^ 

It suffices to put V = Vi ± V2, q = qi ± (d+^i) • q2 and T = id® - p, we then have 
{A,a)^{C{V,q),^). 

The imphcation (i)=>(iii) follows from l6.l1 and l5.9l □ 

In [17], it has been shown that every division algebra of degree 4 with symplec- 
tic involution can be decomposed as a tensor product of two quaternion algebras 
with involution. More generally if A is a central simple algebra with a symplec- 
tic involution can be decomposed as a tensor product of two quaternion algebras 
with involution, see ||19i Thm. 10.5, Prop. 10.21]. We complement these results by 
showing that: 

Lemma 6.5. (Compare with [191 Lemma 10.6]) Let {A, a) be a central simple algebra 
of degree 4 over afield K. The following assertions are equivalent: 

(i) (A,a) is isomorphic to {Qi,cfi) ® (Q2,0'2), where Qj and Q2 are quaternion 
algebras over K, ai is symplectic and 02 is orthogonal. 

(ii) there exists a quadratic space {V ,q) of dimension 4 over K such that {A, a) - 
{C{V,q),r^). 

(iii) there exists a quadratic space {V ,q) of dimension 4 over K such that (A,a) - 
(C(V,q),]-"^). 

Proof. According to 16.11 there exists quadratic spaces (Vi,qi) and (V2,q2) such 
that (Qi,ffi) ^ (C(Vi,<ji)J-'d) and (Qz^ffz) - {C(V2,q2),]f,). We thus obtain 

(Qi,ai)®(Q2.c^2) - {C(V^,q,),]-^^)®(C{V2,q2),]\i) 
usingEIO] - {C{V^±V2,qi±{d.qi)-q2),C'^®-'^ ' 



Similarly we have: 

(Qi,ai)®(Q2,cT2) - {C{V^.qi).^i^)®{C{V2,q2),r^) 
using[5l0] ^ (C(Vi±y2,(d±<j2)-^i±^2),S.,^^,,). 

We thus have the implications (i)^(ii) and (i)^(iii). The implications (ii)^(i) and 
(iii)^(i) follow from 15. 91 □ 



Lemma 6.6. Let (Qi,ffi ), (Q2»0'2) (ind ( 03,173) be quaternion algebras with involutions 
of the first kind. Let {A,a) = (Qi,o-i)i8>(Q2,o-2)® (Q3,a3). 

(a) if a is symplectic then there exists a quadratic space (V,q) of dimension 6 over 
K such that (A, a) - {C{V,q),]f). 

(b) if a is orthogonal then there exists a quadratic space [A, a) of dimension 6 such 
that (A,a)^{C{V,q)J-'^). 

Proof. If a is symplectic then we may assume that either all a,, f = 1, 2, 3, are sym- 
plectic or, ai is symplectic and 02 ari<i are orthogonal. Thanks to l6.4[ the first 
case is reduced to the second case. In the second case, there exist quadratic spaces 
{y\'qi)' i^i'qi) and {V^,q2) of dimension 2 over K such that (C{Vi,qi),}~''^) ^ 

(Qi,ai), (€(^2.^2)./;^) - (Q2,cT2) and (C(y3,'?3)j;^) - (Qs^^s)- According to[63J 
there exists a quadratic space {W,h) of dimension 4 over K such that 

(C(W,H/;'')-(Qi,cTi)®(Q2.ff2)- 
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According to l6.U there exists a quadratic space {W',h') of dimension 2 over K such 
that: 

(C(W',h'),p^)^(Q„a,). 

We thus obtain 

(Qi,ai)®(Q2,a2)®(Q3.ff3) - (C(W,h),jl^)®{C{W',h'),Jl^) 
using[5l0](b) - (C(W± W',/i±(d±/i)-?i')j;5i).v)- 

If a is orthogonal then we may assume that either all a,, / = 1,2,3, are orthogonal 
or, ffj is orthogonal and and are symplectic. But thanks to 16.41 the first case 
is reduced to the second one. In the second case, according to l6.5l there exists a 
quadratic space (W,h) of dimension 4 over K such that 

(C(W,H/r'^)-(Qi.cri)®(Q2,a2)- 

According to l6.1l there exists a quadratic space {W',h') of dimension 2 over K such 
that: 

(C{W',h')Jf/'')^{Q„a,). 

We thus obtain 

(Qi,ai)®(Q2,a2)®(Q3-ff3) - (C(W,/z),4-''i)®(C(W',/;')-4"''^) 
using[530](b) - (C(W±W^/i±(d±/i)-n4itt^'''*- 

The proof is thus achieved. □ 



Lemma 6.7. Let (Qi,cri), (Q2»0'2)» (Q3/0'3) (Q4/0'4) quaternion algebras with 
involutions of the first kind. Let (A, a) = (Qi,^! ) iS) (Q2,o'2) ® (Qs^fs) ® (Q4/0'4)- 

(a) if a is orthogonal then there exist quadratic spaces {V,q) and {V',q') of dimen- 
sion 8 over K such that (A, a) - (C{V ,q),r^'^) and (A,a) - {C{V' ,q'),J-}'^). 

(b) if a is symplectic then there exists a quadratic space {A,a) of dimension 8 over 
K and a reflection r of(V,q) such that (A,a) ^ {C{V,q),J^). 

Proof, (a) As a is orthogonal, the numbers of a,, i = 1, • • • , 4, w^hich are symplectic, 
should be even. Thanks to 16.41 we are reduced to consider the case where two 
of ffj, i = l,---,4, are orthogonal and two of them are symplectic. Without loss 
of generality, it may be assumed that ffi and are orthogonal and ff2 ^rid are 
symplectic. There exist so quadratic spaces (Vj,qj), i = ,4, such that (Q,-,cr,) - 
(C{Vi,qi),^'^) for i = l, 3 and (Q;,ff,) ^ (C(y,-,(j,),/-.''^) for ; = 2, 4. UsingO there 
exist quadratic spaces {Vi,qi) and (V2,q2) of dimension 4 over K such that: 

{Ql,0,)® {02,02) ^ {C{Vuqi),j\% 

(Q3,'y,)®(Q„a,)^{C{V2,q2),P^,). 

We thus obtain 

(A,a) - (C(yi,<ii),4^)®(C(y2,q2),4^) 
usingElKb) - {c(v, ± V2,q, ± d±^i • qihlfJl,,.,,)- 

The proof of the other assertion of (a) is similar and is left to the reader. 

(b) Using [674l we may assume that ai, 02 and 03 are symplectic and 04 is orthog- 
onal. According to 16. 41 and 16.61 there exist quadratic spaces {^\,q\) and {V2,q2), 
respectively, of dimension 6 and 2 over K, and a reflection r' of {V2,q2) such that: 

(C(Vi,^i),4^)-(Qi,ai)®(Q2,ff2)®(Q3.c^3)- 

(C(V2W2),4')-(Ql,ffl) 
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We so obtain 

(A,a) - {C{V,,qi),r^''^)®(C(V2,q2)j(,) 
using[531(a) - (C(V, ± V^.q, ± d±gi • ^2l]fJZ^vC|^)■ 
Therefore it suffices to put (V,q) = {Vi ± V2,qi ± d±qi -qi) and T = idly^ ©-t'Iv^. □ 



Proposition 6.8. Let n he an odd positive integer. Let (Qi,cri ),•••, (Q„, a,,) he quater- 
nion algehras with involution of the first kind over afield K and let 

(A,a) = (Qi,ffi)®---®(Q„,ff„). 

Then: 

(a) If n=\ mod 4 and if o is symplectic then there exists a quadratic space {V,q) 
of dimension In over K such that (A,a) ^ {C{V,q),}~^^). 

(b) Ifn = 1 mod 4 and if a is orthogonal then there exists a quadratic space {V,q) 
of dimension In over K such that {A, a) — {C{V,q),}^'^). 

(c) Ifn = 3 mod 4 and if a is symplectic then there exists a quadratic space {V,q) 
of dimension 2n over K such that (A, a) — {C{V ,q),}^'^). 

(d) Ifn = 3 mod 4 and if a is orthogonal then there exists a quadratic space (V,q) 
of dimension 2n over K such that (A, a) — {C{V,q),J~^^). 

Proof. We prove all the assertions by induction on n. If n = 1, the assertions (a) 
and (b) follow from |6.l1 If n = 3, the assertions (c) and (d) follow from |6.6l Suppose 
that the assertions (a) and (b) and the assertions (c) and (d) are, respectively, true 
for M = 4/c + 1 and n = 4k + 3 where A: is a nonnegative integer. We show that the 
statements (a) and (b) and the statements (c) and (d) are, respectively, true for 
n = Ak + 5 and n = 4A; + 7. 

We first consider the assertion (a) for the case where n = 4/c + 5. As a is sym- 
plectic we deduce that either all of ff,-, / = 1, • • • , n, are symplectic or, at least two of 
ffj, i = 1,- ■ ■ ,n, say and a2, are orthogonal. Using [6741 there exist two symplectic 
involution a[ and ffj such that ffj (g) 02 - Ci' ® 0'2- The second case is so reduced to 
the first one. We may thus assume that all of a,, i = 1,- ■ ■ ,n, are symplectic. As by 
induction hypothesis, (c) is true for n = Ak + 3, there exists a quadratic space ( W, h) 
of dimension 8k + 6 over K such that 

{Q3,ai)®---®{Qn,(yn)^{C{W,h)Jh)- 

According to 16.11 there exist two quadratic spaces {Vi,qi) such that (Qi,ai) - 
(C(Vi,<|i),/,7'^) and (Q2,a2) - {C{V2,q2),}^^'^). We thus obtain 

(Qi,ai)®---®(Q„,ff„) - {QuOi)^{Q2,a2)^(C(W,h),Ji^) 
usingEIoKa) ^ {Qu<ri)®{C{V2^W,q2^d±q2-h),J-;^^;^'^,f^) 

usingEIOKb) - {C{V, ±V2± W,d.q' ■ qi ± H')Jlfct^^;if% 

where q' = q2 ± d±q2 ' ^- The quadratic space (V,q) = (Vi ± V2 ± W,d±q' • q\ -L q') 
is indeed the one we were looking for. 

We now prove the assertion (b) for the case where n = Ak + 5. By the same 
argument as before, we may assume that all of a,-, / = I,-- - ,n, are orthogonal. As 
by induction hypothesis (d) is true for n = 4/c + 3, there exists a quadratic space 
(W,h) of dimension 8/c + 6 over K such that: 

{Q3,03)®---®(Q„,a„)^(C{W,h),Jh''^)- 
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According to |6.U there exist quadratic spaces {Vi,qi) and (Vj.^i) such that (Qi^ffi) = 
(C{V„q^),]f^) and (Q^.a^) - (0(^2^2) J^^)- We so obtain 

(Qi,ffi)®---®(Q„,ff„) - (Qi,ffi)®(Q2.ff2>®(C(W,H/r'^) 
using[5l0](a) ^ (Qi^^i ) ® (C( V2 ± W, ^2 ± d±^2 • H/;S'!?2-'-> 

using[5l0](b) - (C(yi ± V2 ± W,d±g' • qi ± lOJ^'-JSJ'' 

where q' = qi 1. A+qi ■ h. The quadratic space {V,q) = {Vi ± V2 ± W,d±q' • qi J- q') 
is indeed the one we were looking for. 

We now prove the assertion (c) for the case where n = 4/c + 7. As a is symplectic, 
by the same argument as before, we may assume that all of a,- are symplectic. As 
we have already shown that the assertion (a) is true for n = Ak + 5, there exists so a 
quadratic space ( W,h) of dimension 8fc + 10 such that 

103,03)® ■■■®(Q,„a„) ^{C{W,h),}r'^)- 
According to l6. 11 there exist quadratic spaces {Vi,qi) and (V2,q2) such that (Qi,ffi) = 
{C(Vr,qi),r^l^) and (Q2,ff2) - (C(V2,q2),]-^^). We thus obtain 

(Qi,ffi)®---®(Q„,ff„) - {Qi,<y,)®{Q2,<y2)®{C(W,h),]f) 
using[5l0](a) ^ {Qi,a,)®{C{V2 ,q2 ^ d^qi-h)^-^^^-^^,^) 

using[5l0](b) - {C{V, ± ^2 ± W,d±g' • qi ± '?0Jd5®";xf 

where q' = q2 ± d+qi ' ^• 

The proof of (d) is similar and is left to the reader. □ 



Proposition 6.9. Let n be an even positive integer. Let (Qj^aj), ••• ,{Qn,On) be quater- 
nion algebras with involution of the first kind over afield K and let 

(A,a) = (Qi,ffi)®---®(Q„,ff„). 

Then: 

(a) If n = mod 4 and if a is orthogonal then there exist quadratic spaces {V,q) 
and {V, q') of dimension In over K such that (A, a) ^ {C(V ,q),Pq'^) and (A, a) — 
(C(V',q'),]-}^). 

(b) If n = mod 4 and if a is symplectic then there exists a quadratic space 
(V,q) of dimension In over K and a reflection t of(V,q) such that {A,a) - 
{C{V,q),r^). 

(c) If n = 2 mod 4 and if a is symplectic then there exist quadratic spaces {V ,q) 
and {V , q') of dimension In over K such that {A, a) — (C{V ,q),P^'^) and {A, a) ^ 
{C(V',q')J-}''). 

(d) If n = 2 mod 4 and if a is orthogonal then there exists a quadratic space 
(V,q) of dimension 2n over K and a reflection t of (V,q) such that {A,a) - 
(C(V,q),r,). 

Proof. We prove all assertions by induction on n. According to l6.4[[675] and [677l the 
assertions (a) and (b) are true for « = 4 and (c) and (d) are true for n = 2. Suppose 
that the assertions (a) and (b) are true for n = 4k + A and (c) and (d) are true for 
n = 4k + 2 where k is a nonnegative integer. We should prove that the statements 
(a) and (b) are true for n = Ak + 8 and (c) and (d) are true for n = Ak + 6. 

We prove the assertion (a) for n = Ak + 8. As ff is orthogonal, the number of 
the involutions a,, i = ,ti, which are symplectic are even. Using [6741 we may 
suppose that all of a,-, i = ,ti, are orthogonal. By induction hypothesis there 
exists a quadratic space ( V, q') of dimension 8A; + 8 over K such that 

(Q5,ff5)®---®(Qn.ffJ-(C(V',<?')j;')- 
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Using [6771 there exists a quadratic form (V",q") of dimension 8 over K such that 
(19) (Qi,ai)®---®(Qi,ai)^(C(V",q"),r'^,). 



We thus obtain 



(A,a) - (C(V'\q''iri)®(C(V',q'),}l^) 



using[530](b) - (C(V'' ±V\q'' ^d^q''.q'),r^,ll^„,^,). 

It suffices to put (V,q) = {V" ± V',q" ± d+'j" •<?')• The proof of the second assertion 
of (a) is similar. 

In order to prove the assertion (b) for n = Ak + 8, note that as a is symplec- 
tic, using [6741 we may suppose that ff„ is symplectic and all a,, for i = 1, 
are orthogonal. By induction hypothesis, there exists a quadratic space (V',q') of 
dimension 8A; + 8 over K and a reflection r' of (V',q') such that 

(Q5,ff5)®---®(QmC^„)-(C(V'w')J^)- 

The relation ([19} is also satisfied. We thus obtain 

(A,a) ^ (C(V",q"),]\i)®(C(V',q'),r^,) 

using[5l0](b) - (C(y"±r,<j"±d±<|"-<|')j;'?^®i,'v). 

It suffices to put {V,q) = {V" 1. V',q" ± d±q" ■ q') and T = id|y" ® x' . 

The proof of the assertions (c) and (d) are similar and are left to the reader. □ 



6.1. Involutions of the second kind. 

Lemma 6.10. (Albert). Let (Q,a) be a quaternion algebra with involution over afield 
K. The following assertions are equivalent: 

(i) The a involution a is of the second kind, in other words ff|j(^ is a nontrivial 
automorphism of K. 

(ii) There exists a subfield k of K with [K ■.k] = 2 and a quaternion algebra Qg over 
k such that (Q,a) - (Qq (8)*; K,y®-) where y is the canonical involution of Qq 
and - : K K is the nontrivial automorphism of K/k. 

(iii) There exists a subfield k of K with [K ■.k] = 2 and a quaternion algebra Qq over 
such that (Q,c) - (Qq K,p® -) where p is an orthogonal involution of Qq 
and - : K ^ K is the nontrivial automorphism of K/k. 

(iv) There exists a quadratic space {V,q) of dimension 3 over K such that {Q,a) - 
(C(V,q),V^). 

Proof. Our sole contribution is to prove the equivalence of (ii), (iii) and (iv). 
According to l6.1l there exists a quadratic space {VQ,qo) of dimension 2 with qQ ^ 
{a,b) such that {QQ,y) - (C(Vo,qo)»/^o"^)- rnay assume that K = k{^/c) where 
c e K in a non-square element. We have {K,-) ^ (C((c)),/~"^). We thus obtain 

(QQ®kK,y®-) - (C{VQ,q),J-^"'))®{C({c)),r'') 

using [5J0] (a) ^ {C{{a,b,-abc))J—+) 

using[5:9](a) ^ {C{{c)),r)® (C({b,-abc)),r^) 

usmg\6J\3d, eek"" ^ {C{{c)),J-)®(C({d,e)),}^+) 

using [5J0] (a) ^ {C{{-dec,d,e)),}^+^) 

Thus it suffices to set q = {-dec,d,e). This implies the equivalence of (ii) and (iv). 
In order to prove the equivalence of (ii) and (iii), note that according to the above 
relations, we may take (Qo,p) := (C{{h,-abc)),]~^) or (Qq,p) := (C({ii,e)),/"^^) which 
are both the quaternion algebras with orthogonal involutions. □ 
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Proposition 6.11. Let (A,a) be a central simple algebra with unitary involution over 
afield K. Let k be the fixed field ofal^- The following assertions are equivalent: 

(i) There exist quaternion algebras with unitary involution (Aj,ff]^),--- ,(A„,ff„) 
over K such that for all i and j we have ff,|jf = aj\^ and 

(A,a)^(Ai,ai)®K---®K (A„, a„). 

(ii) There exist quaternion algebras with canonical involution {Qi,yi ),■■■, (Qn> Yn) 
over k such that 

(20) {A,a)^{Qi,n)®k---®k{Q,u7n)®k{K,a\K)- 

(ill) There exists a quadratic space {V,q) of dimension 2n+l over k with nontrivial 
discriminant such that 

{A,a)^{C(V,q),]f). 

If n is even, the assertions (i)-(iii) are equivalent to the following: 

(iv) There exists a quadratic space (V',q') of dimension 2n + 2 over k such that 

{A,a)^{Co{V',q'),]f). 

Moreover, if n is odd the assertions (i)-(iii) are equivalent to the following: 

(v) There exists a quadratic space {V",q") of dimension 2n + 2 over k and an or- 
thogonal symmetry t : V" V" such that 

(A,a)^{Co{V",q"),^„). 

Proof. The equivalence of (i) and (ii) is obvious. According to l6.10l (ii), in Il20t , 
one may replace (Qi,7i) by {Q{,pi), where {Q{,pi) is a suitable quaternion algebra 
with orthogonal involution over k. This implies that one can write 

{A,a)^(Ao,ao)^k iK,a\K), 

where (Ao,ffo) is a tensor product of n quaternion algebras with involution over 
k and Cq can be chosen to be orthogonal or symplectic. Using [678] and \&M there 
exists a quadratic space {V,q) of dimension 2n over k with q ^ (air ■ ■ ,a2n) such 
that 

(21) {AQ,ao)^{C{V,q),J-"^). 

There also exists an element c e k^\k^^ such that [K,a) - (C((c)),/~"^). Take q' = 
(flj,--- ,fl2n-i)- ^6 thus obtain 

(Ao,aQ)»(K,a\K) - {C{V,q),J-''^)®{C{{c)),r'^) 

using[5l0](a) - {C{q ± {d^q ■ c)),r'^®''^) 

using[5j](a) ^ {dq'),]-'"^)® {C{{a2n,d±q ■ c)),^) 

usinglUjBi, eeA:^ ^ (C{q'),J-''^)® {C{{d,e)),J^^) 

using[5l0](a) ^ {C{-de ■ q' ± {d,e)),r'^®''^) 

This implies the equivalence of (i) and (iii). Using [575] and the relation l|2U , we 
obtain 

(Ao,ao)^{Co{{-l)^q),f^). 
Suppose that n is even. Take qi = (-1) ± q. We thus obtain 

{Ao,ao)»{K,a\K) - (Co(gi)J''^)® (C«c)),r''l) 

using[53l(a) ^ (C^iqi ± {-d±qi ■ c)),f^®"^). 

Thus it suffices to put q' = qi ± {-d±qi-)- This implies the equivalence of (i) and 
(iv). 
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Suppose that n is odd. We can write 

{A,a) = [Qi,pi)®k---®k(Qm9n)®k(i^,'y\ji), 

where (Q;,p,), i = 1,- ■ ■ ,n, are quaternion algebras with orthogonal involution. Ac- 
cording to (iii), there exists a quadratic space {V,q) of dimension 2n-l over k such 
that 

{C{V, q),]f) - (Q2, P2) % • • • % (Q,„ Pn ) ®k {K, ffk). 

According to 16.11 there exists a quadratic space (Vi,qi) of dimension 2 over k 
such that iC{Vi,qi),}^'^) ^ (Qi,pi). According to |5.6l there exists a reflection of 
the underlying vector space of (-1) ± such that {C{qi ),/"^) - {Cq({-1) ± qi ). 

Take q' = (-1) ± qi. We thus obtain 

(A,a) - (Co(g'),rM®^(C(V,g),/f) 
using[531(a) - (Co(q' ± -d±<?' • <?),ri®"'). 
Therefore it suffices to put q" = q' ± -d+q' ■ q and t = Ti ® id. □ 

7. Type of involutions induced by orthogonal symmetries 

Proposition 7.1. (Compare with [191 7.4]) Let (V,q) be a nondegenerate quadratic 
space of even dimension n. Let a is an orthogonal symmetry of V. Then the 
involution is orthogonal if and only if tr{a) = n - 2s = or 2 mod 8, where s is 
the dimension of the subspace V~ of the anti-symmetric elements of V (cf. |4.2| |. 

Proof. If n = 2, the equivalence of the conditions is obvious (cf. I4.5|l . So let 
assume that n > 4. At least one of the subspaces V"*" or V~ is of dimension greater 
or equal to 2. As V"*" and y~ are orthogonal, relative to the bilinear form associated 
to q, we conclude that q\v+ and q\v- are nondegenerate. Consider a subspace W of 
dimension 2 of V with ql^y nondegenerate, such that either W C V* or W C V~. 
The orthogonal subspace W-*- is stable under a. We thus have a decomposition 
u = a|w ® ffw-L- In order to simplify the notation, let us set ay/ = ci\w> = clw^- 
qw = h\w and = qlw^- According to l5.9[ we have an isomorphism of algebras 
with involution: 

{C(V,q),J^) ^ (C(W,q„)®C(W^,qw.),Q ^JZZ\w^^ 

If W C V'^, then we have ffw = id and is consequently orthogonal (cf. [43). 
In order to prove that is orthogonal, it is necessary and sufficient to show that 

/' = Jj^^.tj^yx is orthogonal. By induction, /' is orthogonal if and only if n' - Is' = 
or 2 mod 8, where n' = dim W-*- and s' is the dimension of the subspace of the 
anti-symmetric elements of -ffvv^ . As w' = « - 2 and s' = n - 2- s, we obtain n-2s = 
-(«' - 2s') -I- 2 and the proof is achieved. 

If W C V~, we have ffvv = -id and J^^ is symplectic. In order to prove that 
is orthogonal, it is necessary and sufficient to show that /' is symplectic. By 
induction, /' is symplectic if n' -2s' = 4 or 6 mod 8. In this case, we have n' = n-2 
and s' = n-s. Therefore we have n-2s = -{n' - 2s')- 2 and the proof is achieved. □ 

Corollary 7.2. ( [131 Prop. 3]) Let {V ,q) be a nondegenerate quadratic space of even 
dimension n. Consider the involutions ]]^ and /^"^ of C(V ,q). Then we have: 

(i) If n s mod 8 then and /^"^ are of orthogonal type. 

(ii) \in = 2 mod 8 then is of orthogonal type and is of symplectic type. 

(iii) If n = A mod 8 then /^'^ and are of symplectic type. 

(iv) If « = 6 mod 8 then /^'^ is of symplectic type and /^"^ is if orthogonal type. 
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Corollary 7.3. ([9, 8.4]) Let (V,q) be a nondegenerate quadratic space of odd di- 
mension n. Consider the involution /^'^ of CQ{V,q). Then we have: 

(i) If « = 1,7 mod 8 then is orthogonal. 

(ii) If M = 3,5 mod 8, then /^'^ is symplectic. 

Proof. UseOandO □ 

Corollary 7.4. Let {V,q) be a nondegenerate quadratic space of even dimension n and 
let r he a reflection ofV. Consider the involution of C(V,q). We have: 

(i) If n= 2, 4 mod 8, then is of orthogonal type. 

(ii) If n= 0,6 mod 8, then is of symplectic type. 

Proof. It suffices to note that for a reflection t, the dimension s, of the subspace 
of the anti-symmetric elements is equal to 1 and to use |7.1| □ 



References 

[1] Bayer-Fluckiger, E.; Shapiro, D. B.; Tignol, J.-P.; Hyperbolic involutions. Math. Z. 214 (1993), 461- 
476. 

[2] Becher, Karim Johannes; A proof of the Pfister factor conjecture. Invent. Math. 173 (2008), no. 1, 
1-6. 

[3] Chevalley, C; The algebraic theory of spinors and Clifford algebras. Collected works. Vol. 2. Edited by 

Pierre Cartier and Catherine Chevalley. Springer-Verlag, Berlin, 1997. 
[4] Deheuvels, R.; Formes quadratiques et groupes classiques. Mathematiques. Presses Universitaires de 

France, Paris, 1981. 

[5] Dieudonne, J. A.; La geometric des groupes classiques. Troisieme edition. Ergebnisse der Mathematik 
und ihrer Grenzgebiete, Band 5. Springer-Verlag, Berlin-New York, 1971. 

[6] Girard, Patrick R.; Quaternions, Clifford algebras and relativistic physics. Birkhauser Verlag, Basel, 
2007. 

[7] Helmstetter, J.; Micali, A.; Quadratic mappings and Clifford algebras. Birkhauser Verlag, Basel, 2008. 
[8] Karpenko, N.; Queguiner, A.; A criterion of decomposability for degree 4 algebras with unitary 

involution. J. Pure Appl. Algebra 147 (2000), no. 3, 303-309. 
[9] Knus, M.-A.; Merkurjev, A.; Rost, M.; Tignol, J.-P; The book of involutions. American Mathematical 
Society Colloquium Publications, 44, American Mathematical Society, Providence, RI, 1998. 

[10] Knus, M.-A.; Parimala, R.; Sridharan, R.; Involutions on rank 16 central simple algebras. J. Indian 
Math. Soc. 57 (1991) 143-151. 

[11] Lam, T. Y.; Introduction to quadratic forms over fields. Graduate Studies in Mathematics 67, Provi- 
dence, RI: American Mathematical Society (AMS), 2005. 

[12] Lewis, D. W.; Periodicity of Clifford algebras and exact octagons of Witt groups. Math. Proc. Cam- 
bridge Philos. Soc. 98 (1985), no. 2, 263-269. 

[13] Lewis, D. W.; A note on Clifford algebras and central division algebras with involution. Glasgow 
Math. J. 26 (1985), no. 2, 171-176. 

[14] Lounesto, P.; Clifford algebras and spinors. Second edition. London Mathematical Society Lecture 
Note Series, 286. Cambridge University Press, Cambridge, 2001. 

[15] Lounesto, P.; Ablamowicz, R.; Clifford algebras: applications to mathematics, physics, and engineering. 
Volume 34, Progress in Mathematical Physics, Birkhauser, Boston, 2004. 

[16] Mahmoudi, M. G.; On Hyperbolic Clifford algebras with involution. Algebra CoUoq. (to appear). 

[17] Rowen, L. H.; Central Simple Algebras. Israel J. Math. 29 (1978) no. 2-3, 285-301. 

[18] de Sabbata, V.; Datta, B. K.; Geometric algebra and applications to physics. With an introduction by 
George T. Gillies. Taylor & Francis, New York, 2007. 

[19] Shapiro, Daniel B.; Compositions of quadratic forms, de Gruyter Expositions in Mathematics, 33. 
Walter de Gruyter & Co., Berlin, 2000. 

[20] Scharlau, W.; Quadratic and Hermitian forms. Grundlehren der Mathematischen Wissenschaften, 
270. Springer-Verlag, Berlin, 1985. 

[21] van der Waerden, B. L.; A history of algebra. From al-Khwarizmi to Emmy Noether. Springer-Verlag, 
Berlin, 1985. 

Departme nt of Mathematical Sc iences, Sharif University of Technology, P. O. Box: 11155-9415, Tehran, Iran. 
HoMEPAGE:|http : / /shaFif . ir/ ~mmahmoudi. Email address: mmahmoudi§sharif . ir 



